The probability of certain transition processes involving low-energy photons is investigated on the basis of D irac's recent m ethod o f field quantization. It is shown that the treatm ent using an expansion in powers of e2jhc is inconsistent, as it leads to an infinite value for the probability, when one integrates over a low-energy photon.
In some recent papers Dirac (1939 Dirac ( , 1942 has given a formulation of quantum electrodynamics which eliminates the usual divergent integrals th at arise when the wave equation th at describes the interaction of an electron and an electromagnetic field is solved by expressing the wave function as an expansion in ascending powers of e2/hc, the fine-structure constant. This elimination of infinities is brought about by the use of the A-limiting process which is employed to express the classical equations of motion in Hamiltonian form, and the introduction of negative-energy photons in the physical interpretation of the quantum-mechanical representation. Further, one also takes as the physical solutions only those which correspond to outgoing waves of the electron (Eliezer 1946a) .
The existence of these finite solutions makes it now possible to investigate exactly processes involving any number of photons. I have considered recently (Eliezer 19466) a scattering process in which three photons take part. I t was shown th at the probability of a photon dividing into two photons in the presence of an electron could be large if one of the emitted photons is of small frequency. This result could be generalized to any number of photons, and the conclusion be drawn th at the probability of multiple emission could be large, provided some of the emitted photons are of small frequency. A natural inference would be th at quantum electrodynamics does not disallow the possibility of photon showers in which a large number of photons are simultaneously emitted, a phenomenon which seems to be in evidence in cosmic-ray experiments.
The next stage of the calculations is to integrate the probability over the directions and frequencies of the emitted photons of small frequency, this integrated prob ability being the one of physical interest in such processes. One would expect th at even though the number of low-frequency photons may be infinite, the total energy emitted should be finite and small, and the scattering cross-section also should be finite and comparatively smaller than that for the simple Compton scattering. But the calculations which are given below show th at this is not the case. The present theory does not give a finite value for the cross-section. Thus, in the three-photons process in which an incident photon is scattered into two photons, it is found th at the scattering cross-section increases without limit as one of the emitted photons approaches the frequency and direction corresponding to the simple Compton scattering. In this way it appears th at the present treatm ent using the expansion in powers of e2/hc requires modification before it can be used to give a cons account of processes involving low-energy photons. The same conclusion has been arrived at by Pauli (1946) , who considers the emission of a light quantum by a bound electron.
. T h e t r a n s i t i o n p r o b a b i l i t y
Take units such that c, the velocity of light, is unity, and h, Planck's constant divided by 2n, is also unity. Let 1 denote the direction of propagation, the frequency and I the intensity of the k photon beam, with similar meanings for T, k'0, 1 ' and 1", kl, I". The method of calculating the probability is briefly recapitu lated. Starting with an electron which is initially a t rest, solve the wave equation by expanding in ascending powers of e, the charge of the electron, thus obtaining e3^3 3 as the appropriate wave function for a process in which three photons take part. Then determine the density of electrons, which is given by the diagonal sum of the matrix e6^3;3^3,3, and divide by the initial density of electrons. Assuming th at one of the beams of photons, k" say, to be not sharply monochromatic, replace I "by A ' q3dk'^l2n and integrate over its frequency range, obtaining a transition prob ability which is proportional to the time. From this expression the probability per unit time of a triple emission process in which the k" photon is spontaneously emitted and the k and k! photons stimulated is deduced. It is seen th at such a process can take place only when the photons satisfy a certain relation
which condition is seen to express the conservation of energy and momentum in the process. The probability of an incident photon k dividing into two photons k' and k" is then obtained by changing k0 to -k0 and by replacing I ' by k'03j27r. The conservation requirement gives the relation After summing the probability expression over the directions of polarization of the emitted photons and averaging over the incident photon, an expression is obtained of the form has been used, where (a0, a) is a four-vector. The A's have been calculated but are not reproduced here owing to their lengthy expressions. They are homogeneous expressions of the third degree in m, k0, Jc' 0 and Ic'q . In requirement (1) is equivalent to y k,+k"_k = 0.
Integration over low-frequency photon
The expression (2) gives the probability per unit solid angle of direction of photon about 1", and therefore by integrating (2) over the directions of emission of k photon, the total probability of the emission of the k' photon is obtained for all possible k" photons. For a given direction 1", the corresponding frequency is given by the equation (1), which may be written as
Therefore this value of kqi s substituted in and
is evaluated, where d Q" is the elemental solid angle about the direction the direction k -k' for the polar axis, and denoting by 6 the angle between k -k' and V, one obtains
The integration with respect to 6 is seen to be straightforward. The crucial question is whether the integrated probability value remains finite for all possible k' photons. For given direction 1', the corresponding frequency should lie between zero and v, where v = mkQ l{m + 1 -1.1')}.
The extreme values zero and v are excluded but may be approached close enough to any desired extent. The difficulty arises when k' 0 tends to p. It is seen th at as k' 0 approaches v, tends to zero, and
approximately, retaining only the terms of the highest order. A* has been calculated in a previous paper (Eliezer 19466) and is
where 1. 1' = ^. Neglecting terms which vanish with y k--k, and making further simplifications, one obtains
, therefore E -K cos 6 does not vanish for any value of 6 , and hence no difficulties arise in the integration with respect to Thus
Hence, unless the integral in (8) is of the order y k>_k, the total probability would not remain finite as y k-_k tends to zero. This integral is
which does not vanish with y k'_k. Therefore the probability per unit time per unit frequency range of the k' photon and per unit solid angle about 1', integrated over all k" photons, is approximately
which increases without limit as y k'_k approaches zero, that is, as approaches v. It is thus apparent that Dirac's method of field quantization does not remove the difficulty of ' the infra-red catastrophe ' of the older theories. Therefore in dealing with processes involving low-energy photons, one has for the present to give up the expansion in powers of e2/fic, and make use of some approximate treatm ent such as by Bloch & Nordsieck (1937) , where there is closer analogy with the classical theory of radiating electrons.
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